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Abstract

A three-dimensional model is developed to investigate ¯ow and conjugate heat transfer in the microchannel-based

heat sink for electronic packaging applications. The incompressible laminar Navier±Stokes equations of motion are
employed as the governing conservation equations which are numerically solved using the generalized single-
equation framework for solving conjugate problems. The theoretical model developed is validated by comparing the
predictions of the thermal resistance and the friction coe�cient with available experimental data for a wide range of

Reynolds numbers. The detailed temperature and heat ¯ux distributions as well as the average heat transfer
characteristics are reported and discussed. The analysis provides a unique fundamental insight into the complex heat
¯ow pattern established in the channel due to combined convection±conduction e�ects in the three-dimensional

setting. Important practical recommendations are also provided regarding the cooling e�ciency of the microchannel
heat sinks as well as a possible failure due to the thermal stresses induced by the extremely large temperature
gradient at the entrance of the channels. # 1999 Elsevier Science Ltd. All rights reserved.

1. Introduction

Design of the e�cient and compact heat dissipation

devices is paramount to sustaining a continuous

growth at almost a geometric progression rate in per-

formance of the leading-edge microelectronic products

[1]. Reference is made to this recent account for a

more comprehensive citation of relevant literature. The

electronic packages typically operate at very high aver-

age heat ¯uxes (10 and 25 W/cm2 for plastic DIP and

ceramic PGA, respectively) [1,2] and, for stable and re-

liable operation, must be maintained at the tempera-

ture below 1308C. Chu and Chrysler [1] provide an

overview of the state-of-the-art cooling techniques that

are currently employed by the semiconductor industry

for heat dissipation in everything from the mainframe

to portable computers. These include the extended sur-

faces (®ns) with turbulators, the highly parallel air and

liquid impingement systems, modular internal conduc-

tion enhancement, indirect and direct liquid cooling

with water and dielectric coolants, respectively, and,

®nally, the special cooling systems such as the heat

pipes and liquid metal heat sinks.

During the last decade, several novel cooling

schemes have been proposed and extensively studied

both experimentally and theoretically. In particular,

Bowers and Mudawar [3] showed that the cooling

scheme employing two-phase ¯ow in mini-channels is

capable of removing the record high heat ¯uxes gener-

ated by the electronic packages. However, the possible

instability of the system when operating close to the

CHF point is reducing considerably the advantages of

two-phase cooling schemes for practical applications.
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Another valuable alternative comes from the use of a

porous media as the heat sink, due to a drastic

increase in the speci®c surface area available for heat

removal [4±8]. The major drawbacks associated with

the use of the porous media for enhancing heat trans-

fer are: a substantial increase in the pressure drop;

very strict requirements for the coolant purity to avoid

pore clogging; and eventual appearance of the hot

spots in the package.

Recent advances in microfabrication techniques have

led to revival of the concept of the ultra-compact

microchannel heat exchangers for electronic cooling

which was originally introduced by Tuckerman and

Pease [9,10]. In principle, such microchannels can be

machined at the back of a substrate of electronic chips

and, therefore, can reduce the internal (contact) ther-

mal resistance of the heat sink practically to zero. The

cooling rates in such microchannel heat exchangers

should increase signi®cantly due to a decrease in the

convective resistance to heat transport caused by a

drastic reduction in the thickness of thermal boundary

layers. The overall excellent potential capacity of such

a heat sink for heat dissipation is based on the large

heat transfer surface-to-volume ratio of the microchan-

nel heat exchangers.

The ¯ow and heat transfer in microchannels have

become a subject of growing research attention since

the early 1990s. Several pioneering experimental studies

[11±13] found signi®cant deviation of the ¯ow par-

ameters in the microchannels compared to those in the

conventional `large' channels. In particular, the authors

reported a decrease in the friction factor for the gas

¯ow in the microchannels relative to its value predicted

using standard correlations for laminar ¯ow. The

review of these works has been recently presented by

Peng and Wang [14]. In contrast, Webb and Zhang

[15] claim that the accepted single-phase ¯ow corre-

lations adequately predict their experimental data for

round and rectangular tubes with hydraulic diameter

of the order of 1 mm. Furthermore, as Nakayama et

al. [16] have pointed out, the geometric precision and

tolerance control in the experimental assembly is often

beyond the manual skills of the experimenter, and this

leads to the considerable experimental uncertainty and

inconsistencies in the reported measurements.

Unfortunately, we were able to identify only few

papers [17±19] that provide the experimental data for

friction and heat transfer in the microchannels under

conditions which are directly relevant to those found

in the integrated circuits of modern electronic devices,

i.e., when the substrate (heat spreader) is highly con-

ducting and massive in comparison to channel dimen-

sions and, therefore, the conjugate conduction±

convection e�ects are important.

Few attempts have been made to analyze the micro-

channel ¯ows and heat transfer, theoretically. In par-

ticular, Weisberg et al. [20] numerically analyzed a

conjugate heat transfer problem in the microchannel

Nomenclature

C friction coe�cient constant
cp speci®c heat at constant pressure
Dh hydraulic diameter

f friction coe�cient
Hy,Hz width of the channel in y- and z-direc-

tions, respectively (see Fig. 1)

Kn Knudsen number, l=Dh

k thermal conductivity
L length of the channel (see Fig. 1)

p pressure
q heat ¯ux
q� modi®ed logarithmic heat ¯ux,

sign�q�lnjqj
Rt thermal resistance
Re Reynolds number, ru0Dh=m
T temperature

u, v, w velocity components in x-, y-, and z-
directions, respectively

W l
y,W

r
y thickness of the channel walls in y-direc-

tion (see Fig. 1)
W l

z,W
r
z thickness of the channel walls in z-direc-

tion (see Fig. 1)

x, y, z Cartesian coordinates (see Fig. 1)

Greek symbols
G generalized di�usion coe�cient in Eq. (5)
m dynamic viscosity

r density

Subscripts
b refers to bulk
g refers to gas/¯uid
i refers to input

w refers to wall/solid
0 refers to inlet

Superscripts
l refers to left (negative coordinate direc-

tion in Fig. 1)
r refers to right (positive coordinate direc-

tion in Fig. 1)
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heat exchanger. Yu et al. [21] performed a scale analy-

sis of the ¯ow and heat transfer characteristics in

microtubes. Several new theoretical models were also

proposed recently in order to describe the peculiar fea-

tures of the microscale ¯ow and heat transfer. Li et al.

[22,23] utilized the kinetic theory of gases to derive the

e�ective ¯uid transport properties close to the wall sur-

face and, then, to obtain analytical expressions for the
friction factor and the Nusselt number. Mala et al. [24]

and Yang et al. [25] included the surface electrokinetic

e�ects in the analysis of the ¯ow and heat transfer in

microchannels. However, due to the lack of a clear

fundamental understanding of the transport mechan-

isms on microscale, most of these theories appear to be

rather speculative and, therefore, have not gained a

wide acceptance [14]. Chen et al. [26] studied the possi-

bility of using the Navier±Stokes equations for com-

pressible gas in continuum ¯ow formulation together
with the slip and non-slip boundary conditions in

order to describe gas ¯ow in microchannels. Recently,

Fedorov and Viskanta [27] extended the e�orts to ana-

lyze the transient dynamics of conjugate heat and mass

transfer in microchannels in the presence of the surface

chemical interactions.

It is clear that successful design of the microchannel-
based heat sinks requires fundamental understanding

of the transport processes occurring on the microscale.

Detailed measurements and predictions of the local

temperature and heat ¯uxes are critically important for

development of the compact, e�cient, and reliable sys-

tems for thermal management. In this paper, we

employ the numerical simulations to gain insight into

combined convection±conduction heat transfer in the
rectangular silicon microchannel, which is a unit cell of

the experimental electronic heat sink. To this end, the

system of three-dimensional Navier±Stokes equations

for conservation of mass, momentum, and energy

based on the continuum ¯ow assumption is used as a

mathematical model of the process. First, the validity

of the developed mathematical model is critically

assessed by comparing the theoretical predictions with
available measurements of the friction factor coe�cient

and thermal resistance in the microchannel heat sink

[19]. Then, the local temperatures and heat ¯uxes are

Fig. 1. Schematic of the physical arrangement and the coordinate system.
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analyzed with the aim to identify the heat ¯ow pattern
established in the microchannel under the strong in¯u-

ence of three-dimensional conjugate e�ects. Finally,
the average heat transfer characteristics are also
obtained, and important practical recommendations

are provided regarding the overall heat sink perform-
ance and possible locations of the structural failure
due to excessive thermal gradients.

2. Analysis

2.1. Physical model, model equations, and boundary
conditions

Consider a three-dimensional asymmetric rectangu-
lar channel shown schematically in Fig. 1. The channel
geometry is the same as the one which was employed

in the experimental work by Kawano et al. [19]. A
theoretical model for ¯ow and conjugate heat transfer
in the microchannel is developed under the following

assumptions:

1. the hydraulic diameter of microchannels under
development is about 100 mm and is expected to

decrease to 10 mm. This yields a typical Knudsen
number1 for water as a coolant to be between 3:5�
10ÿ5 and 3:5� 10ÿ4 which lies in the continuous

¯ow regime (Kn < 10ÿ3) [28]. Hence, the conserva-
tion equations based on the continuum model
(Navier±Stokes equations of motion) can still be
used to describe the transport processes

2. the transport processes are considered to be steady-
state and three-dimensional

3. the ¯ow is incompressible and laminar

4. thermal radiation is neglected in comparison to
advection (the typical operation temperature is
below 1008C)

5. the development of the ¯ow and temperature ®elds
at the inlet of the channel is carefully resolved since
it is the region where the largest temperature gradi-

ents and, therefore, thermal stresses are expected to
occur

6. the thermophysical properties are temperature
dependent.

Under the stated assumptions, the conservation
equations of mass, momentum, and energy for the

¯uid and the solid channel walls can be written as fol-
lows [28] (see Fig. 1 for coordinate system):

Conservation of mass (continuity)

r
�
r ~V
�
� 0 �1�

Conservation of momentum

~V � r
�
r ~V
�
� ÿrp� r �

�
mr ~V

�
�2�

Conservation of energy for ¯uid

~V � rÿrcpTg

� � r � ÿkgrTg

� �3�

Conservation of energy for solid

r�kwrTw � � 0 �4�

In the absence of a unique and well-established meth-

odology for scaling of combined convection±conduc-
tion heat transfer in the three-dimensional conjugate
problems, no attempt is made to non-dimensionalize
the governing conservation equations.

A uniform heat ¯ux (qi) is imposed as a boundary
condition at the heated right Z-wall (z � Hz=2�W r

z)
while all other outside walls of the channel (in x-, y-,

and z-directions) are taken to be perfectly insulated
(see Fig. 1). The velocity (u0) and temperature (T0) of
the ¯uid entering the channel are speci®ed, while the

gradients of the temperature and velocity components
are set to vanish at the exit of the channel. A no-slip
boundary condition is imposed on the velocity com-

ponents at the walls inside the channel. Finally, the
continuity of the temperature and heat ¯ux are used as
the conjugate boundary conditions to couple the
energy equations for the ¯uid and solid phases.

2.2. Method of solution

The model conservation equations (all, but conti-
nuity) are initially expressed in the general form with a
transient term included as the iteration parameter,

@

@ t
�rf� � @

@x i
�ruif� � @

@x i

�
G
@f
@x i

�
� S �5�

where f represents any dependent variable, i.e., vel-

ocity components and temperature, and G is the gen-
eral di�usion coe�cient. A fully implicit, absolutely
stable Euler method with very large time steps is

employed to integrate Eq. (5) in time, until the steady-
state solution is achieved. The governing partial di�er-
ential equations along with the boundary conditions

are discretized over the spatial coordinates by means
of the control volume integration technique [29]. The
resulting ®nite-di�erence approximation of derivatives

1 The Knudsen number, Kn � l=Dh, de®nes the relative

magnitude of the mean free path of the ¯uid molecules l in

respect to the characteristic dimension (hydraulic diameter

Dh) of the channel. The mean free path l depends on the den-

sity, temperature, and viscosity of the ¯uid and is equal to

m
���
p
p

=
��������������
2r2RT

p
.
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produces a system of linear algebraic equations which
are then solved by using a line-by-line iterative

method. The method solves a line of nodes by applying
the three-diagonal matrix inversion algorithm and
sweeps the domain of the integration in di�erent direc-

tions along the coordinate axes. The SIMPLER algor-

Table 1

Geometrical dimensions of the unit cell

Hz (mm) Hy (mm) W l
z (mm) W r

z (mm) W l
y (mm) W r

y (mm)

180 57 450 270 21.5 21.5

Fig. 2. Comparison of the theoretical predictions and experimental data [19] of the friction coe�cient Poiseuille constant and the

convective thermal resistance at the exit for the water ¯ow in the silicon microchannel.
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ithm is employed to solve the coupled system of con-

servation equations in primitive or dimensional vari-

ables, and this is discussed in detail by Patankar [29].

Su�ce it to mention that the ¯uid and solid energy

equations, (3) and (4), are combined into a single

equation by using the appropriate values for the vel-

ocity components (u � v � w � 0 within the wall) and

thermophysical properties in the corresponding regions

of the channel. The solution of the model equations is

then achieved by inter-system iterations between the

momentum and global energy conservation equations

at each time step. The iterations are terminated when

the steady state is reached and the global energy and

mass balances are satis®ed within 1:0� 10ÿ3%.

A highly compressed nonuniform grid near the

channel walls was adopted in order to properly resolve

viscous shear layers. Sine-in-power distribution was

shown to be very reliable even for the turbulent shear

¯ows at relatively high Reynolds numbers [30] and,

therefore, is used in this study. The grid nodes were

also concentrated along the axial direction in the
entrance of the channel for the proper resolution of

the ¯ow and thermal development regions. Additional
details regarding the mesh size and the node distri-
bution are given in the following section.

3. Results and discussion

3.1. Model validation

The numerical algorithm and computer program
were carefully evaluated by comparing model predic-
tions with available experimental data for friction and

conjugate heat transfer in the microchannels [19]. The
test section of the experimental heat exchanger had
110 identical silicon microchannels, so that the unit

cell of the heat exchanger can be represented by the
asymmetric rectangular channel as shown in Fig. 1.
The channel length was 10 mm and the geometrical

Fig. 3. Temperature distributions (in Kelvins) at four di�erent cross-sections along the channel.
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dimensions of the unit cell cross-section are summar-

ized in Table 1 (see Fig. 1 for notation). In the exper-

iments, water was used as a working ¯uid with the

inlet temperature (T0) = 208C. An approximately uni-

form heat ¯ux (qi) of 90 W/cm2 was imposed at the

right outer Z-wall of the rectangular channel (see Fig.

1), while all other external surfaces were insulated.

Further experimental details can be found in the orig-

inal paper by Kawano et al. [19].

Fig. 2 compares the theoretically predicted and

measured friction coe�cient Poiseuille constant

[C � f� Re] and convective thermal resistance based

on the outer right Z-wall temperature at the channel

exit fRt � �Tw�x � L, y � 0, z � Hz=2�W r
z� ÿ T0�=qig

for a wide range of the ¯ow Reynolds numbers. It

should be noted that the measurements and predictions

of the Poiseuille constant C are reported for the case

when the microchannel heat exchanger is not heated

(qi � 0).

Clearly, a good agreement between the model pre-

dictions and experimental data has been obtained. This

is especially true in calculation of the friction coef-

®cient Poiseuille constant where the theoretical results

and the measurements are very close. The thermal re-

sistance Rt appears to be slightly underpredicted, par-

ticularly at the smaller Reynolds numbers; however, it

still lies within the range of the experimental uncertain-

ties outlined by the error bars. The behavior of the

Poiseuille constant C versus the Reynolds number

deserves some additional remarks. The point is that

the assumption of the fully developed Poiseuille ¯ow,

which is used in most studies of the microscale ¯ow

and heat transfer [14], appears to be rather question-

able. Indeed, the Poiseuille theory predicts the constant

value of the friction factor constant C regardless of the

value of the Reynolds number [31], while the exper-

imental data and our theoretical predictions show an

approximately linear increase in C with an increase in

Re. This is because, the length of the ¯ow development

region and, in turn, the value of the constant C in the

Poiseuille friction law are linearly proportional to the

Reynolds number [31]. For larger Reynolds numbers,

Fig. 4. Temperature distribution (in Kelvins) at right Z-wall inside the channel.
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the development length can be signi®cant relative to
the channel length and, therefore, the Poiseuille ¯ow

assumption may lead to considerable error in the

analysis.

Finally, the comparison of theoretical predictions

with the experimental data was also used to assess the
grid independence of the results. The CPU time as well

as memory storage required for performing three-

dimensional conjugate calculations increase dramati-
cally as the number of grid nodes increases even

slightly. This necessitated a search for the numerical
grid with the smallest possible number of nodes but

still satisfying the acceptable accuracy requirements.

Di�erent size meshes, ranging in total size from 60�
10� 20 to 120� 20� 40 in x-, y-, and z-directions, re-

spectively, were employed in testing the numerical

model. The results of the grid sensitivity study showed
that the simulations based on the grid with 100 nodes

in the x-direction, 16 nodes in the y-direction, and 32

nodes in the z-direction provide satisfactory numerical
accuracy and are essentially grid independent. A

further grid re®nement produced a maximum in-

cremental improvement of less than 0.1% in both local
and average ¯ow and heat transfer characteristics. It
should also be mentioned that at least 3 nodes were

placed in the thinnest Y-walls, and the maximum 6
nodes were placed in the thickest Z-walls (see Fig. 1).
The following three subsections are devoted to the

detailed local and average results for the case of
Re � 140, in order to foster a fundamental understand-
ing of the microchannel ¯ow and conjugate heat trans-

fer in a truly three-dimensional geometry.

3.2. Local temperature distributions

Fig. 3 shows the contour plots of the isotherms at
four di�erent y±z cross-sections along the channel. The
close analysis of the thermal ®eld evolution indicates

that the solid walls are essentially isothermal every-
where, while the isotherms within the ¯uid zone are in-
itially very closely packed (see x=L � 0) and, then,

gradually spread out with a simultaneous increase in
the ¯uid core temperature (see x=L � 1=3, 2/3, and 1).
Three very important observations can be deduced

Fig. 5. Temperature distribution (in Kelvins) at left Z-wall inside the channel.
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from the given temperature isopleths: (1) the intensity
of heat transfer (heat ¯uxes) between solid and ¯uid is

in its peak in the inlet portion of the channel; (2) the
heat ¯ux, imposed at the right Z-wall only, is immedi-

ately spread out by conduction within the silicon sub-
strate and eventually is transferred to the ¯uid almost

uniformly through all four inner walls of the channel;

and (3) the thermal development region occupies essen-
tially the entire length of the channel owing to the con-

jugate convection±conduction interactions.

Figs. 4±6 depict the spatial temperature distributions
at the right Z-wall, at the left Z-wall, and at the left

and right Y-walls inside the channel, respectively. As
expected, the temperature of both the Z- and Y-walls

increases sharply in the longitudinal x-direction very
close to the channel inlet (x=L < 0:1) owing to a rapid

decrease in the local convective heat transfer coe�cient

as the boundary layer thickness increases with develop-
ment of the coolant ¯ow. At the same time, the tem-

perature of the Z-walls (Figs. 4 and 5) is essentially
uniform in the transverse y-direction, whereas the tem-

peratures of the left and the right Y-walls both inside

(Fig. 6) and outside (Fig. 7) the channel vary notice-

ably in the transverse z-direction, at least for

x=L < 0:5. The temperature of the left and right Z-

walls outside the channel is virtually constant and,

therefore, is not presented. Such temperature distri-

butions at the inner and outer channel walls serve as

an evidence of the very complex heat ¯ow pattern

established in the channel due to combined convective

heat removal and three-dimensional conduction heat

spreading in the microchannel heat sink. That is, the

heat is introduced at the right Z-wall of the channel

(see Fig. 1 for wall IDs), then it is e�ciently spread by

conduction to all four channel walls while being recir-

culated in the upstream direction and transferred to

the coolant mostly in the inlet portion of the channel.

This is where the convective resistance is the smallest.

By this process, the longitudinal, upstream directed

heat recirculation zones are created within the highly

conducting walls of the channel which, in turn, lead to

Fig. 6. Temperature distribution (in Kelvins) at left and right Y-walls inside the channel.
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very large temperature gradients at the entrance of the

heat sink.

3.3. Local heat ¯ux distributions

In this subsection, the distributions of the local heat

¯uxes are presented at the inner walls of the channel
where the solid and the ¯uid are in direct contact. The
heat ¯uxes are taken to be positive if they are directed

from the solid to the ¯uid, and negative, otherwise.
Furthermore, the modi®ed (logarithmic) wall heat ¯ux
[q�w� sign�qw� � lnjqwj] is used for the graphical presen-
tation of results in order to accommodate several

orders of magnitude variation in the local heat ¯uxes.
To provide a baseline for analysis, the input heat ¯ux
(qi � 90 W/cm2 � 90� 104 W/m2) corresponds to 13.7

in terms of the modi®ed heat ¯ux q�i .
The local heat ¯uxes at the channel walls, as shown

in Figs. 8±10, con®rm the overall physical picture of

the heat transfer process implied by the analysis of
local temperature ®elds in Section 2. Indeed, the local
heat ¯uxes are the greatest in the inlet portion of the

channel, and they decrease rapidly in the longitudinal

x-direction. In contrast to the temperature distri-

butions (see Section 2), the local heat ¯uxes at both
the right and left Z-walls (Figs. 8 and 9, respectively)

show signi®cant variation in the transverse y-direction,

unlike the ¯uxes at the right and left Y-walls (Fig. 10),

which are nearly uniform everywhere but in the inlet
and corner regions. Furthermore, the heat ¯uxes at the

Y-walls are almost two orders of magnitude larger

than those at the Z-walls. This is because the spacing
between Y-walls (� 57 mm) is about three times smaller

than that between Z-walls (� 180 mm). The small wall

spacing means a thinner boundary layer and, in turn,
much larger local convective heat transfer at Y-walls

as compared to the Z-walls.

The same reasonings are valid everywhere but in the

channel corners, where the convective heat transfer is a
product of interactions between the boundary layers

developed along both Y- and Z-walls. The direction

and the magnitude of the heat ¯ux in the corners are
driven by competition between the two local thermal

resistances: (i) the ®rst de®nes the heat transport from

Fig. 7. Temperature distribution (in Kelvins) at left and right Y-wall outside the channel.
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the wall through the boundary layer to the ¯uid core;

and (ii) the second one quanti®es the possibility of

heat transport from one wall through the corner

boundary layer to an adjacent wall. The importance of

the second alternative pathway for the heat ¯ow in the

corners of the channel can be truly appreciated only in

three-dimensional conjugate heat transfer problems.

In the present case, for example, the thermal resist-

ance for heat conduction through the silicon is much

smaller than the convective resistance for heat transfer

through the ¯uid; therefore, the heat, transferred to

the ¯uid in the corner area of the Z-walls, chooses the

pathway with the least possible resistance (i.e., highly

conducting solid walls) and bypasses through the ¯uid

to enter the solid substrate in the corner area of the Y-

walls instead of proceeding to the ¯uid core. The intri-

cate heat ¯ow structure with the heat `vortices' in the

corners, developed in the transverse y±z cross-sections

of the channel, is sketched schematically in Fig. 1.

Such a heat ¯ow pattern produces the local negative
(directed from the ¯uid to the solid) heat ¯uxes in the

vicinity of corners of the Y-walls (see Fig. 10), even
though the local Y-wall temperature is larger than the
bulk ¯uid temperature. This means that the local heat

transfer coe�cient would also become negative if it
were de®ned in terms of the conventional ¯uid bulk-
to-wall temperature di�erence. Therefore, in general,

the concept of the heat transfer coe�cient cannot serve
as a consistent framework for de®ning the local heat
transfer rates in the conjugate problems.

3.4. Average and bulk characteristics

Fig. 11 depicts the ¯uid bulk temperature and the

average temperatures of the Y- and Z-walls, as the
functions of the longitudinal distance x, which are
de®ned by

Fig. 8. Heat ¯ux isopleths at right Z-wall inside the channel.
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Tb�x� �
�Hy=2

ÿHy=2

�Hz=2

ÿHz=2

rucpT�x, y, z� dz dy=

�Hy=2

ÿHy=2

�Hz=2

ÿHz=2

rucp dz dy �6�

�Ty�x� �
�Hz=2

ÿHz=2

T
ÿ
x, y �2Hy=2, z

�
dz=Hz �7�

�Tz�x� �
�Hy=2

ÿHy=2

T�x, y, z �2Hz=2� dy=Hy �8�

Following the local temperatures, the average wall
temperatures increase drastically within the small inlet
portion of the channel (x=L < 0:1) due to an increase

in the local convective thermal resistance. On the other
hand, the ¯uid bulk temperature increases gradually
along the x-direction, and it almost reaches the wall

temperature at the exit of the microchannel. Overall,

the average temperatures of both Z-walls are slightly

larger than those of Y-walls owing to much smaller

convective resistance for solid-to-¯uid heat transfer for

the closer spaced Y-walls. Furthermore, as expected,

the average temperature of the right Z-wall (where the

heat load is initially imposed at the channel outside) is

a bit larger than that of the left Z-wall, while the aver-

age temperatures of the Y-walls coincide due to sym-

metry in the system (see Fig. 1). Large temperature

gradients near the inlet are likely to induce signi®cant

thermal stresses and, therefore, must be carefully con-

sidered in the practical sink design in order to avoid

the mechanical failure. In the analysis of the overall

thermal performance of the heat sink, one should also

note that the maximum increase in operating tempera-

ture does not exceed 158C, while quite large heat ¯uxes

of 90 W/cm2 were successfully dissipated.

The average wall heat ¯uxes and the average heat

Fig. 9. Heat ¯ux isopleths at left Z-wall inside the channel.
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transfer coe�cients are de®ned as

�qy�x� �
�Hz=2

ÿHz=2

q
ÿ
x, y �2Hy=2, z

�
dz=Hz �9�

�qz�x� �
�Hy=2

ÿHy=2

q�x, y, z �2Hz=2� dy=Hy �10�

�hy,z � �qy,z=
ÿ

�Ty,z ÿ Tb

� �11�

respectively. As the ¯ow develops and the boundary

layers grow in the longitudinal direction, the average
heat ¯uxes (Fig. 12) and the average heat transfer coef-
®cients (Fig. 13) gradually decrease in magnitude. As

already explained in the previous subsection in the
case of the local quantities, the average heat ¯uxes and
heat transfer coe�cients are expected and, indeed, are

larger at the Y-walls than at the Z-walls. Also, the
magnitude of the average heat ¯uxes at all the four
walls inside the channel is much smaller than the

imposed heat ¯ux [q�i � ln�qi� � ln�90� 104 W=m2� �
13:7] almost everywhere but in the ¯ow development

region (x=L < 0:1), where the heat ¯uxes exceed qi sig-

ni®cantly. This happens because the total area of the

outer right Z-wall (104 mm� 100 mm), where the heat

¯ux qi is imposed, is much smaller than that of the

heat transfer surfaces inside the channel

[104 mm� 2� �180� 57� mm]. In addition, as discussed

earlier, the upstream directed heat recirculation zones

provide a physical mechanism for heat redistribution

through the highly conducting silicon substrate from

the downstream regions, which have the higher convec-

tive resistance than at the channel inlet.

Finally, Fig. 13 con®rms that very high average heat

transfer coe�cients (in the order of 10 kW/m2 K) can

be achieved in the microchannel based heat sinks. This

®gure also indicates that the thermal development

region is very long and occupies more than a half

length of the channel (see the graphs pertinent to the

Z-walls). In terms of the hydraulic diameter of the

channel (Dh � 86 mm), the length of the development

Fig. 10. Heat ¯ux isopleths at left and right Y-walls inside the channel.
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region is greater than 50�Dh if the ¯ow Reynolds
number is 140. This length increases even more for the

higher Reynolds numbers.

4. Conclusion

The theoretical analysis performed, provides a fun-

damental understanding of the combined ¯ow and
conjugate convection±conduction heat transfer in the
three-dimensional microchannel heat sink. The model
formulation is general and only a few simplifying

assumptions are made. Therefore, the results of the
analysis as well as the conclusions can be considered as
quite general and applicable to any three-dimensional

conjugate heat transfer problems.

. A three-dimensional mathematical model, developed
using incompressible laminar Navier±Stokes

equations of motion, is capable of predicting cor-
rectly the ¯ow and conjugate heat transfer in the
microchannel heat sink. It has been validated using

experimental data reported in the literature, and a

good agreement has been found between the model

predictions and measurements.

. The numerical results obtained, clearly demonstrate

that the Poiseuille ¯ow assumption is not always

accurate, and its validity must be carefully assessed

in every particular case in order to avoid signi®cant

errors in predicting the friction coe�cient.

. The combined convection±conduction heat transfer

in the microchannel produces very complex three-

dimensional heat ¯ow pattern with large, longitudi-

nal, upstream directed heat recirculation zones in

the highly conducting silicon substrate as well as the

local, transverse heat `vortices' in the internal cor-

ners of the channel where the ¯uid and solid are in

direct contact. In the `vortex' region, the local sur-

face heat ¯uxes and the local convective heat trans-

fer coe�cients (Nusselt number) become negative

because the bulk (mixed mean) temperature is not

an appropriate reference temperature for describing

the heat ¯ow direction locally everywhere. In other

Fig. 11. Bulk and average wall temperature distributions inside the channel.
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words, the concept of the local heat transfer coef-

®cient and Nusselt number is meaningless in the

strongly conjugate problems.
. Although only the right Z-wall outside the channel

is heated, the heat is redistributed by conduction

within a substrate and is transferred to the coolant

through all four walls inside the channel.
Furthermore, the major part of the total heat input

(180%) is transferred to the water through the left

and right Y-walls (each one contributing 40%),

while only 11 and 9% is transferred through the
right and left Z-walls, respectively. Such a surprising

thermal energy budget is attributed to the following

two factors: (1) the convective heat transfer resist-

ance is much smaller between the closer spaced Y-
walls than between the Z-walls; and (2) the total

heat transfer area of the Y-walls is about three times

larger than that of the Z-walls. The existing tradeo�

between the combined resistances for heat spreading
and heat conduction along the ®n as well as the

high convective resistance between the Z-walls

should be addressed through geometric optimization

of the speci®c heat sink design. Detailed parametric

calculations have been performed and will be
reported elsewhere due to limitations on the paper

length.

. The local heat ¯uxes from the solid to the coolant in

the small inlet region of the microchannel are larger
than those in the further downstream portion by

more than two orders of magnitude. This is because

the average convective heat transfer coe�cient is

much larger in the upstream locations (the boundary
layer thickness is small) and also because the highly

conducting channel walls support very e�ective heat

redistribution from the downstream (large convec-

tive resistance) to the upstream (small convective re-
sistance) regions of the channel. This ®nding

supports the concept of the manifold microchannel

(MMC) heat sink [17,18] where the ¯ow length is

greatly reduced to small fraction of the total length
of the heat sink by using a design with multiple

inter-connected inlets and outlets.

Fig. 12. Average wall heat ¯ux distributions inside the channel.
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. Theoretical analysis and experimental data strongly

indicate that the forced convection water cooled

microchannel heat sink has a superior potential for

application in thermal management of the electronic

packages. The heat sink is compact and is capable

of dissipating a signi®cant thermal load (heat ¯uxes

of the order 100 W/cm2) with a relatively small

increase in the package temperature (less than

208C), if operated at the Reynolds numbers above

150.

. Extremely large transverse and longitudinal tem-

perature gradients have been predicted within the

solid walls in the immediate vicinity of the channel

inlet. This has a potential for signi®cant thermal

stresses and structural failure of the heat sink and,

therefore, must be addressed in the heat sink design

by performing detailed thermomechanical calcu-

lations.
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